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Abstract
Inpaintingis animageinterpolationproblem,with broadapplicationsin im-

ageand vision analysis. This paperpresentsour recentefforts in developing
inpaintingmodelsbasedon theBayesianandvariationalprinciples.We discuss
severalgeometricimagemodels,their role in theconstructionof variationalin-
paintingmodels,andthe associatedEuler-LagrangePDEsandtheir numerical
computation.

Keywords: Inpainting, interpolation,Bayesian,curve model, imagemodel, Euclideanin-
variance,elastica,boundedvariation,Mumford-Shah,curvature,� -convergence,
numericalPDE.
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The word “inpainting” is an artistic synonym for “image interpolation,”

asfrequentlyusedamongmuseumrestorationartists,who manuallyremove
cracksfrom degradedancientpaintingsby following asfaithfully aspossible
theoriginal intentionof their creators[EM76, Wal85]. A mathematicalillus-
trationis depictedin Figure1.
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Asfineartmuseumsgodigital,all realpaintingsarescannedintocomputers.

No doubt,digital inpaintingprovidesthesafestway to restorethosedegraded
ancientpaintings,simply by trying computercodesandsoftwareson thedigi-
tal copies.Unlike themanualinpaintingprocesswhich appliesdirectly to the
original,digital inpaintingbringstremendousfreedomin makingerrorsor im-
proving resultsprogressively, with no risk of destroying theoriginal precious
paintingon thecanvas,which is oftenuniquein theentireworld.

But theapplicationof digital inpaintinggoesfar beyond on-lineart muse-
ums. In on-line real estatebusiness,for example,a potentialcustomermay
ask: I do not like thepalmtreeandbushin thefront yard;whatwill thehouse
look like without them? If the treeandbusharetoo closeto the house,it is
impossibleto captureby ordinarycamerasan unblocked overview of theen-
tire house.However, treatingthe treeandbushasan inpaintingdomain,it is
veryhopefulthata (clever) inpaintingschemecangetrid of themin arealistic
fashion.

�
�

�   ¡ ¢ £ ¡ ¤ ¥ ¦
§ ¨ © ª « ¨ © ¬ ¨ ©  ® ¯ ° « ¨ © ±

²

³tIXT6´_5@/¶µU·
For a typical inpaintingproblem,the imageis missingon an inpaintingdomain¸

, andtheavailablepart ¹+º�»» ¼'½ is oftennoisy.
¸

canbedisconnected.

Ever sincetheoriginal work of Bertalmioet al. [BSCB00],digital inpaint-
ing hasfoundwide applicationsin imageprocessing,vision analysis,andthe
movie industry. Recentexamplesinclude: automaticscratchremoval in digi-
tal photosandold films [BSCB00,CS01a],text erasing[BBC ¾ 01, BSCB00,
CS01a,CS01c],specialeffectssuchasobjectdisappearanceandwire removal
for movie production[BSCB00,CS01c],disocclusion[MM98], zoomingand
super-resolution[BBC ¾ 01, CS01a,TAYW01], lossy perceptualimagecod-
ing [CS01a],andremoval of the laserdazzlingeffect [CCBT01], andso on.
On the other hand,in the engineeringliterature,therealso have beenmany
earlier works closely relatedto inpainting, which include image interpola-
tion [AKR97, KMFR95a,KMFR95b], imagereplacement[IP97,WL00], and
errorconcealment[JCL94,KS93] in thecommunicationtechnology.

As scatteredastheapplicationsare,themethodsfor inpaintingrelatedprob-
lemshave alsobeenvery diversified,rangingfrom nonlinearfiltering method,
waveletsandspectralmethod,andstatisticalmethod(especiallyfor textures),
etc.
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The most recentapproachto non-texture inpainting is basedon the PDE

methodandCalculusof Variations,andcanbeclassifiedinto two categories.
Thefirst classis basedon thesimulationof micro-inpaintingmechanisms.It
includesthe axiomaticapproachof Caselles,Morel andSbert[CMS98], the
transportprocess[BSCB00] (the first high-orderPDE model), the diffusion
process[CS01c],andtheircombination[BBS01,CS01b].Thesecondcategory
includesall variationalmodelssimulatingtheuniquemacro-inpaintingmecha-
nism: “bestguess,” or theBayesianframework [GG84,KR96,Mum94b].The
latter includesthe total variationmodel [CS01d,CS01a,RO94,ROF92], the
functionalizedelasticamodel[CKS01,MM98], the value-and-directionjoint
model [BBC ¾ 01], the active contourmodel basedon Mumford and Shah’s
segmentation[TAYW01], andthe inpaintingschemebasedon theMumford-
Shah-Eulerimagemodel[ES02].

The currentpapersurveys andsummarizesthis latter category. The main
goal is to developa systematicapproachandmathematicalfoundationfor all
thesepreviouslyscatteredworks,sothatthesurvey canserveasafreshstarting
point,ratherthanaconcludingchapter, for furtherresearchonthischallenging
topic.

ThephilosophybehindBayesianinpaintingis quitesimpleandintuitive(see
Figure1): theway we humaninpaintersinpaintanincompletepicturemostly
reliesontwo factors— how wereadtheexistingpartof thepictureÍ�Î�ÏÏXÐ'Ñ\Ò (i.e.
datamodel), andwhatclassof imageswe believe theoriginal goodpicture Í
belongsto (i.e. image prior model). (For example,if it is known thatwe are
inpaintinganimageof a kitchenwith tomatoes,peppers,andapples,we have
the a priori preferenceof smoothshapesandthe greenandred colors.) In
theBayesianlanguage,a balancedoptimalguessis to maximizetheposterior
probabilityProbÓÔÍ0Õ Í ÎzÖ (MAP) givenby

ProbÓÔÍ×Õ Í Î Ö0Ø ProbÓÔÍ Î Õ Í Ö�Ù ProbÓÔÍ Ö
ProbÓÔÍ Î Ö Ú (1)

Oncean image Í Î is given, thedenominatoris a fixedconstant.Thuswe are
to maximizetheproductof thedataprobabilityandtheimageprobability.

For inpainting,the datamodelis usuallysimpleasillustratedin Figure1:
the available part Í Î Õ Ð'Ñ\Ò is the restrictionof the original good image Í onÛÝÜ�Þ

, pollutedindependentlyby white noiseß , i.e.

Í Î ÏÏ Ð*Ñ\Ò Ø Í ÏÏ Ð*Ñ\Òáà ß Ú
On the otherhand,sincethereis no dataavailableon the inpaintingdomainÞ

, thetaskof reconstructingtheimageon
Þ

solelyfalls on theimagemodel.
Thismakesagoodimagemodelmorecrucialfor inpaintingthanfor any other
classicalrestorationproblemssuchas denoising,deblurring,and segmenta-
tion [CS01a,ES02].
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Imagemodelscan be learnedfrom imagedatabanksbasedon filtering,

parametricor non-parametricestimation,and the entropy method(SeeZhu,
Wu andMumford [ZM97, ZWM97] for examples).Suchstatisticalapproach
is especiallyimportant for inpainting or synthesizingimageswith rich tex-
tures[IP97,WL00].

On theotherhand,in mostinpaintingproblems,the inpaintingdomainof-
ten“erases”someperceptuallyimportantgeometricinformationof theimage,
edges,for example. To reconstructgeometry, it is necessarythat the image
modelwell resolves the geometrya priori . Most conventionalprobabilistic
modelslack suchfeature. Fortunately, “energy” forms do exist in the litera-
ture,whichhavebeenexplicitly motivatedby geometry. Well-known examples
includethe TV (total variation)modelof Rudin, OsherandFatemi[ROF92]
andtheobject-edgemodelof Mumford andShah[MS89]. The link between
probabilisticimagemodelsand suchgeometricimagemodels,as Mumford
pointedout [Mum94b], is formally madethroughGibbs’ formulain statistical
mechanics[Gib02]:

ProbÓÔÍ Ö]Ø
ã
äæå4ç�è Ódé¶êBëíì Í*î Ö6ï

where ëíì Ítî is the energy of Í (e.g., the total variation of Í ), ê denotesthe
inverseabsolutetemperature,and

ä
thepartitionfunction. (Working with en-

ergy alsofreesonefrom laboringon thedefinabilityof thepartition functionä
, which is generallya highly non-trivial mathematicalissue.)TheBayesian

formula(1) is re-expressedin theenergy form by

ëðì Í×Õ Í Î î Ø ëíì Í Î Õ Ítî à ëðì Ítî à const.ï
wherethe constantcan be droppedsafely as far as energy minimization is
concerned.

The organizationgoesas follows. Section2 startswith an axiomaticap-
proachfor curve models,which, to our bestknowledge, is new. The latter
half of thesectionexplainstwo approachesfor constructinggeometricimage
modelsfrom curve models:

(i) throughdirectfunctionalizationbasedon thelevel-sets;and

(ii) by having a curve modelembeddedasanedgemodelin theobject-edge
primitive imagemodel.

Theseapproachesunify thefour geometricimagemodelsappearingin there-
centinpaintingliterature:

(1) the TV imagemodelof Rudin, OsherandFatemi [ROF92,RO94], first
appliedto inpaintingmodelingby ChanandShen[CS01a];
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(2) the functionalizedelasticaimagemodelasproposedandstudiedby Mas-

nouandMorel [MM98], andChan,Kang,andShen[CKS01];

(3) the Mumford-Shahimagemodel [MS89] appliedto inpainting by Tsai,
Yezzi, and Willsky [TAYW01], Chanand Shen[CS01a],and Esedoglu
andShen[ES02];and

(4) the Mumford-Shah-Eulerimagemodeldesignedfor imageinpaintingby
EsedogluandShen[ES02].

Section3 explainsall therecentinpaintingschemesbasedon thesegeometric
imagemodels.WediscusstheassociatedEuler-LagrangePDE’s,theirgeomet-
ric meaning,androbustwaysof numericalimplementation.Digital examples
aregivenfor eachinpaintingmodel.Conclusionandopenproblemsarewritten
into Section4.

Throughoutthe paper,
Û

denotesthe entire imagedomain,
Þ

the miss-
ing inpainting domain, Í Î the available part of the imageon

ÛÝÜ�Þ
, and Í

the targetedinpainting restoration.The standardizedsymbols ò , ò Ù and ó
representthe gradient,divergence,and Laplacianoperatorsseparately. For
any multi-variablefunctionor functional ôõÓÔö ïl÷õÖ , the symbol ôõÓÔöøÕ ÷ùÖ still
meansôõÓÔö ïl÷ùÖ , but emphasizingthat ÷ is fixedasknown. This is to imitate
thesymbolof conditionalprobabilityor expectationappearingin theBayesian
formula(but withoutprobabilisticnormalization).

ú;� û�ü��;ýþüÿ���*�d� ��ý ��� ü�� ����ü��	�
ú;�\� 
 �����;ü ýþ����ü��	�

Geometryplaysacrucialrole in visualperceptionandimageunderstanding,
includingclassificationandpatternrecognition.Themostimportantgeometry
for imageanalysisishiddenin edges.FromDavid Marr’sclassicalwork onpri-
mal sketch[MH80] to David Donoho’s geometricwaveletsanalysis[Don00],
edgesalwaysstayin theheartof many issues:imagecodingandcompression,
imagerestoration,segmentationandtracking,just to namea few.

Thereforeit is of fundamentalsignificanceto understandhow to mathemat-
ically modeledgesandcurves.

From the Bayesianpoint of view, this is to establisha probability distri-
bution ProbÓ� Ö over “all” curves. An instantexamplecomingto mind is the
Brownianmotionandits Wienermeasure[KS97]. Theproblemis thatBrow-
nian pathsareparameterizedcurves (by “time”) andareeven almostsurely
no-wheredifferentiable.For imageanalysis,however, edgesareintrinsic (1-
D) manifoldsandtheir regularity is animportantvisualcue.

Accordingto thepreviously statedGibbs’ formulation,we areto look for a
suitableenergy form ëíì ÿî . It is alwaysconvenientto first startwith its digital
version.
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In digital imageprocessing,Freeman’s ChainCoding[Fre61] is a popular

datastructurefor representingobjectbordersandedges.Theunderlyingidea
is to representa1-D curve  by achainof orderedsamplepoints� Î ï ��� ï_Ù_Ù_Ù�ï ��� ï
denseenoughto ensurereasonableapproximation.Workingdirectlywith such
chainsof finite length,weneedto defineappropriateenergy forms

ëðì � Î ï ��� ï_Ù_Ù_Ùÿï ��� î Ú
To thebestof our knowledge,thefollowing axiomaticapproachis new in the
literature. We shall naturally constructtwo of the most useful planercurve
models:thelengthenergy andEuler’s elasticaenergy.

Axiom 1. Euclideaninvariance.

Let �����wÓ�� Ö (conventionallycalleda rotation,thoughincludingall reflec-
tions), and ��� �"! an arbitrarypoint. Euclideaninvarianceconsistsof two
parts:therotationalinvariance

ëíì#� � Î ï � ��� ï_Ù_Ù_Ù�ï � ��� î Ø ëíì � Î ï �$� ï_Ù_Ù_ÙBï ��� î ï
andthetranslationinvariance

ëðì � Î à � ï ��� à � ï_Ù_Ù_Ùÿï ��� à �+î Ø ëðì � Î ï �$� ï_Ù_Ù_ÙBï ��� î Ú
Axiom 2. Reversalinvariance.

It requiresthat

ëíì � Î ï_Ù_Ù_ÙBï � � î Ø ëðì � � ï_Ù_Ù_ÙBï � Î î ï
whichmeansthattheenergy doesnotdependon theorientationof thecurve.

Axiom 3. % -pointaccumulation(% Ø � ï'&�ï_Ù_Ù_Ù ).
This is fundamentallya rule on locality. A % -point accumulative energy

satisfiestheaccumulationlaw:

ëðì � Î ï_Ù_Ù_Ùÿï ��( ï �)( ¾ � î Ø ëðì � Î ï_Ù_Ù_ÙBï ��( î à ëíì �)(+*-, ¾ ! ï_Ù_Ù_ÙBï �)( ¾ � î ï
for all ß/.0%íé1� . Throughcascade,we easilyestablishthat
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Proposition1 Supposeë is % -pointaccumulative. Thenfor any 34.0%íé ã ,

ëðì � Î ï_Ù_Ù_ÙBï ��� î Ø �5*-, ¾ �6(87 Î ëíì �)( ï_Ù_Ù_ÙBï �)( ¾ ,9*:� î
Thus,for example,a � -pointaccumulative energy mustbein theform of

ëíì � Î ï_Ù_Ù_Ù�ï ��� î Ø ëíì � Î ï ��� î à ëðì �$� ï � ! î à Ù_Ù_Ù à ëðì ���;*:� ï ��� î=<
anda & -pointaccumulative energy satisfies

ëíì � Î ï_Ù_Ù_Ùÿï � � î Ø ëíì � Î ï � � ï � ! î à ëðì � � ï � ! ï ��> î à Ù_Ù_Ù à ëðì � �;* ! ï � �5*:� ï � � î Ú
Generally, a % -point accumulative energy ë is completelydeterminedby its
fundamentalform ëíì � Î ï_Ù_Ù_Ù�ï �:,9*:� î Ú
In whatfollows,westudythecasesof % Ø � and% Ø?& .@BA'C�DFE�GIHKJML+L+N�OPNRQSJ�HTEVUIW�WBGXWZY\[^]_J`GXabHTcRW

length d
Proposition2 A Euclideaninvariant 2-pointaccumulativeenergy mustbein
theformof

ëðì � Î ï_Ù_Ù_ÙBï ��� î Ø �;*:�6(97 Î e ÓlÕ �R( ¾ � é �)( Õ Ö6ï
for somenon-negativefunction

e Ó�f Ö .
Proof. Weonly needto show that

ëðì � Î ï ��� î Ø e ÓlÕ ��� é � Î Õ Ö Ú
Translationinvarianceleadsto

ëíì � Î ï ��� î Ø ëðì g ï �$� é � Î î Ø ôõÓ �$� é � Î Ö6ï
with ôíÓ � Ö]Ø ëíì g ï � î . Thenrotationalinvariancefurtherimpliesthat

ôõÓ=� � Ö�h ôõÓ � Ö6ï �i���õÓ�� Ö6ï � �j� ! Ú
Thusif wedefine

e Ó�f Ö0Ø ôõÓ\Ó�f ï g Ö\Ö , then ôõÓ � Ö]Ø e ÓlÕ � Õ Ö . k
If in addition,we impose

Axiom 4. Linearadditivity:
For any lm��Ó�g ï ã Ö , and ��� Ø l � Î à Ó ã éml Ö � ! ,

ëðì � Î ï � ! î Ø ëíì � Î ï ��� î à ëðì ��� ï � ! î Ú



n
Thenit is easyto show thattheenergy is uniqueup to a multiplicative con-

stant.

Theorem 1 A Euclideaninvariant � -pointaccumulativeenergy ë with linear
additivitymustbethe lengthenergy, i.e.,

ëðì � Î ï_Ù_Ù_ÙBï ��� î Øpo �;*:�6(97 Î Õ �)( é �)( ¾ � Õ ï
for somefixedpositiveconstanto .

For asummablecurve  , as 3rqts , andthesamplingsizeuwv çÎyx ( x �5*:� Õ �)( é �)( ¾ � Õ
tendsto zero,suchdigital energy convergesto thelength.z�A'C�DFE�GIHKJML+L+N�OPNRQSJ�HTEVUIW�WBGXWZY\[^]_J`GXabHTcRW�LZNXYTU�J�HTNRYTW d

To determinethe fundamentalform ëíì � Î ï �$� ï � ! î , first recall Frobenius’
classicaltheorem[COS¾ 98]. The threepoints � Î ï ��� ï � ! live in �"{ Ø � !}|� !`| � ! , andthedimensionof aEuclideanorbit is 3: 1 from therotationgroup,
and2 from thetranslationgroup.Therefore,Frobenius’theoremappliedto the
Euclideaninvariancegives

Proposition 3 Onecanfindexactlythreeindependentjoint invariants: ~ � ï ~ ! ï
and ~ > , such that ëíì � Î ï ��� ï � ! î is a functionof them.

Define �
Ø Õ � � é � Î Õ ï �¶Ø Õ � ! é � � Õ ï oÝØ Õ � ! é � Î Õ Ú

Then the orderedtriple Ó
�
ï'�=ï�o_Ö is apparentlyEuclideaninvariant, and two

chains ì � Î ï ��� ï � ! î and ì � Î ï � � ï � ! î are Euclideancongruentif and only if
they sharethe same Ó

�
ï'�=ï�oFÖ . Thus theremustexist a non-negative functionôõÓ

�
ï'�=ï�oFÖ suchthat ëíì � Î ï ��� ï � ! î Ø ôíÓ

�
ï'�=ï�oFÖ Ú

Definethetwo elementarysymmetricfunctionsof

�
and � :� � Ø � à �� and � � Ø � � Ú

The reversalinvarianceimplies the symmetryof ô with respectto

�
and � .

Thus ë hasto bea functionof
� � ï � � ï and o :

ëíì � Î ï ��� ï � ! î Ø e Ó � � ï � � ï�oFÖ Ú
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Let f denotethehalf perimeterof thetriangle Ó �$� ï � ! ï � > Ö :f Ø � � à o� ï

and ó its area:

ó Ø�� f!Ó�f é � Ö Ó�f é �4Ö Ó�f�é oFÖ]Ø � f!Ó�f é oFÖ Ó�f ! é1� � � f à � � Ö Ú
Thenwe candefinethedigital curvatureat ��� [COS¾ 98,COT96,Bou00]by� � Øb� ó� � o Ø������;� �o�� � ï
where� � is theanglefacingtheside ì � Î ï � ! î . It is shown by Calabi,Olver, and
Tannenbaum[COT96] thatfor agenericsmoothcurve anda fixedpoint ��� on
it, as

�
ï'� q�g , � � Ø � Ó ��� Ö à �õÓlÕ � é � Õ Ö à �wÓ � ! à � ! Ö6ï

where � Ó ��� Ö is thecurvatureat ��� .
Now it is easyto seethat � � ï � � ï � � is acompletesetof joint invariantsfor

boththeEuclideanandreversalinvariances,and

ëíì � Î ï �;� ï � ! î Øb� Ó � � ï � � ï � � Ö Ú
Therefore,we have proved

Theorem 2 A 3-pointaccumulativeenergy ë with bothEuclideanandrever-
sal invariancesmustbein theform of

ëðì � Î ï_Ù_Ù_ÙBï ��� î Ø �5*:�6(87R� � Ó � ( ï � ( ï � ( Ö Ú
Furthernoticethat,asthesamplingsize

�
ï'��Ø �wÓ�� Ö6ï ��q�g atafixedpoint��� �� , � � Ø �õÓ ã Ö6ï � � Ø �wÓ�� Ö6ï � � Ø �õÓ�� ! Ö Ú

Applying Taylor expansionto � for the infinitesimals
� � and � � (assuming

that � is smooth),we have� Ó � � ï � � ï � � Ö]Ø�� � Ó � � Ö � � à � ! Ó � � Ö � � à Ù_Ù_Ùÿï
for somefunctions � � ï	� ! ï_Ù_Ù_Ù . In the linear integrationtheory, by neglecting
all high order( .�� ) infinitesimals,we endup with� Ó � � ï � � ï � � Ö]Ø�� � Ó � � Ö � � Ú
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Thereforewehave derived,

Corollary 1 Following Theorem2, in addition, supposethat for any smooth
summablesimplecurve  , anditsChainCodingapproximation ì � Î ï ��� ï_Ù_Ù_Ù ��� î
with thesize � Ø uwv çÎyx ( x �5*:� Õ � ( é � ( ¾ � Õ
tendingto zero, ëíì � Î ï_Ù_Ù_Ù ��� î converges.Thenasfar asthelimit is concerned,
there is only oneclassof such energy, which is givenby

ëðì � Î ï_Ù_Ù_ÙBï ��� î Ø �5*:�6(87R� e Ó � ( Ö � ( Ú
As ��q�g , it convergesto

ëíì ÿî Ø?�+� e Ó � Ö�� f ï
where � f is thelengthelement.

For instance,if we take
e Ó � Ö Ø l à ê � ! for two fixed weights l and ê ,

the resultingenergy is calledthe elasticaenergy [Mum94a], which wasfirst
studiedby Euler in modelingthe shapeof a torsionfree thin rod in 1744. Ifê Ø g , theelasticaenergy degeneratesto thelengthenergy.

ú;�Gú ��ý ��� ü
ýþ����ü��	��� � �i� �C�������W�%� � �\���B�\� � �ÿ� �M��ü
ýþ����ü��	�

Onceacurvemodel ëíì ÿî is established,it canbe“lifted” to animagemodel
by directfunctionalizationandthelevel-setapproach.

Let Í�ÓS  Ö beanimagedefinedonadomain
Û?¡ � ! . For themomentassume

that Í is smoothsothatalmostsurelyfor eachgrayvalue ¢ , thelevel-setX£ Ø ¤  0� Ûp¥ Í×ÓS  Ö]Ø ¢F¦
is a smooth1-D manifold. Let § Ó=¢ Ö be an appropriatenon-negative weight
function.Thenbasedonagivencurvemodel ëíì ÿî , wecanconstructanimage
model:

ëðì Ítî Ø?�©¨* ¨ ëðì X£gî�§ Ó=¢ Ö�� ¢ ÚConventionally § Ó=¢ Ö is setto 1 to reflecthumanperceptualsensitivity. Sup-
posewe have a bundleof level-setswhosegrayvaluesareconcentratedoverì#¢ ï ¢ à óK¢�î . If óª¢ is small, thenthe imageappearssmoothover the region
madeof theselevel-sets,andis thuslesssensitive to perception.The energy



¿!À_Á\ÂjÀFÃ2ÂjÄFÅ�À_ÆxÇ\È�ÀqÉ�Ê�ÇlÅ_Ë}À_Â:Å!Ã2Â:ÅgÉ ���
assignedto suchbundlesshouldbe small accordingly. On the otherhand,ifóK¢ is large, for examplein the situationwhen the bundle containsa sharp
edge,thenthelevel-setscarryimportantvisualinformationandtheassociated
energy shouldbe large. Therefore,the Lebesguemeasure� ¢ is alreadyper-
ceptuallymotivatedand § Ó=¢ Ö canbe set to 1, which we shall assumein the
following.

Supposewe take the lengthenergy in Theorem1 asthecurve model,then
theresultingimagemodel

ëðì Ítî Ø �«¨* ¨ lengthÓ�X£ Ö�� ¢
is exactlyRudin-Osher-Fatemi’s TV model[ROF92,RO94]:

ëíì Ítî Ø?� Ð Õ ò Í×Õ �   Ú
This is becausefor asmoothimageÍ , alongany level-set X£ ,� ¢ Ø Õ ò Í0Õ �-¬Sï lengthÓ�R£ Ö]Ø?� �® � f ï
with � f and �-¬ denotingthearc lengthesof the level-setsandgradientflows,
whichareorthogonalto eachother, andthus� f �+¬-Øp�  
is theareaelement.Therefore,

ëðì Ítî Ø¯�«¨* ¨ � �8 Õ ò Í×Õ �+¬:� f Ø?� Ð Õ ò Í0Õ �   Ú
Theabove derivation is in a formal level andcanberigorouslyestablished

basedonthetheoryof BV functions[Giu84], wherethelengthof a level-setis
replacedby theperimeterof its associatedregion, theSobolev gradientnorm
by theTV radonmeasure.Thenthe lifting processis exactly the famousco-
areaformula.

Similarly, supposewe take thecurvaturecurve modelin Corollary1, then
thelifted imagemodelbecomes

ëíì Ítî Ø?� Ð e0° Õ ò Ù ì ò ÍÕ ò Í×Õ îWÕ ±øÕ ò Í×Õ �   Ú
Especially, if

e Ó�f Ö Ø l à êRf ! , it is calledtheelasticaimagemodel[CKS01,
MM98].
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Thesecondapproachto constructimagemodelsfrom curvemodelsis based
on theobject-edgeprimarymodel,asproposedby Mumford-Shah[MS89]. In
suchimagemodels,the curve model is embeddedto weigh the energy from
theedges,i.e.,abruptjumpsin images.

For example,theclassicalMumford-Shahimagemodelemploys thelength
curve model:

ëíì Í ï �î Ø¯� Ð*Ñ � Õ ò Í×Õ ! �   à l lengthÓ� Ö Ú
Here  denotesedgecollection.Unlike theTV imagemodel,oncethesingular
set  is singledout, for therestof theimagedomain,Sobolev smoothnesscan
belegally imposed.

Mumford-Shahimagemodelhasbeenvery successfulin imagesegmenta-
tionanddenoising.For imageinpainting,asEsedoglu-Shendiscussedin [ES02],
it is intrinsically insufficient. Thereforea new imagemodelcalledMumford-
Shah-Euleris proposedin [ES02]basedon theelasticacurve model:

ëðì Í ï �î Ø?� Ð*Ñ � Õ ò Í×Õ ! �   à �B� Ó�l à ê � ! Ö�� f Ú
We now startto discusshow to carry out inpaintingbasedon theseimage

models.²¶� ���·¶ � �\�;���\� � � ����ü��	� � ���¹¸1´Ýü×�d�_ºP»½¼m¾��
In thissection,wesurvey all therecentinpaintingschemesbasedon thege-

ometricimagemodelsmentionedabove. WeshalldescribethePDEformsfor
all thevariationalmodels,andtheir digital realizationbasedon thenumerical
PDEmethod.Digital examplesaredemonstratedfor eachinpaintingscheme.²¶�\� ¸m´ ü¿¸PÀ �\�·¶ � �\�;���\� �

In [CS01a],we first touchedon theBayesianideafor the inpaintingprob-
lem,asanalternative to thePDEapproachinventedbyBertalmioetal. [BSCB00]
basedon thetransportmechanism.Theimagemodelemployed in [CS01a]is
thewell-known Rudin-Osher-Fatemi’s TV imagemodel,asfirst proposedfor
thedenoisinganddeblurringapplication[ROF92,RO94].

TheTV inpaintingmodelis to minimizetheposteriorenergyÁ
tv ì Í0Õ Í Î ï Þ î Ø?� Ð Õ òùÍ×Õ �   à ¢ � � Ð*Ñ\Ò ÓÔÍðé Í Î Ö ! �   Ú (2)

Define ¢ Ò ÓS  Ö]Ø ¢ Ù ã Ð*Ñ\Ò ÓS  Ö Ú



¿!À_Á\ÂjÀFÃ2ÂjÄFÅ�À_ÆxÇ\È�ÀqÉ�Ê�ÇlÅ_Ë}À_Â:Å!Ã2Â:ÅgÉ � Ì
Thenthesteepestdescentequationfor theenergy isÂ ÍÂ^Ã Ø ò Ù�Ä òùÍÕ òùÍ×ÕÆÅ à ¢ Ò ÓS  Ö ÓÔÍ Î éáÍ Ö6ï (3)

which is a diffusion-reactiontype of nonlinearequation.To justify the drop
of the boundaryintegral comingfrom the variationalprocess,the associated
boundaryconditionalong

Â Û
is adiabatic:

Â Í � Â�ÇÈ Ø g , where
ÇÈ denotesthe

normaldirectionof theboundary.
The diffusion is anisotropicto respectsharpedgesasin the Perona-Malik

diffusion[PM90] sincethediffusivity coefficient
ã � Õ ò Í×Õ becomessmallwhereÍ hassharpjumps.ThereactiontermhasÍ'Î asits attractorto keepthesolution

closeto the given noisy image. But noticethat on the inpaintingdomain
Þ

,
theequationis apurediffusionprocess,whichof courseoriginally comesfrom
theTV imagemodel.

In [CKS01], theexistenceof a minimizerof
Á
tv in theBV spaceis estab-

lishedbasedon the direct methodof Calculusof Variation. The uniqueness,
however, is generallynot guaranteed.An exampleis givenin [CKS01]. Non-
uniqueness,from the vision point of view, reflectsthe uncertaintyof human
visualperceptionin certainsituations,andthusshouldnot becursedin terms
of faithful modeling.

For thedigital realizationof model(3), thedegeneratediffusioncoefficientã � Õ ò Í×Õ is alwaysconditionedtoã
Õ ò Í0Õ É ï Õ ò Í0Õ É Ø � � ! à Õ òùÍ×Õ ! ï

for somesmallpositive constant

�
. Fromtheenergy point of view, it amounts

to theminimizationof themodified
Á
tv:Á É

tv ì Ítî Ø?� Ð Õ ò Í×Õ É à ¢ � � Ð'Ñ\Ò ÓÔÍíéáÍ Î Ö ! �   Ú (4)

Thisenergy form connectsimageinpaintingto theclassicalproblemof non-
parametricminimal surfaces[Giu84]. In fact, in the ÓS  ïËÊ�ï�Ì!Ö space,the first
term of

Á É
tv ì Í*î , up to the multiplicative constant

�
, is exactly the areaof the

surface Ì ØpÌ ÓS  ïËÊ�Ö�Ø Í�ÓS  ïËÊ�ÖË� � Ú
In thecasewhentheavailablepart Í Î is noise-free,we have¢ Ø s ï Ì Õ Ð'Ñ\Ò ØpÌ Î Õ Ð*Ñ\Ò Ú
Thus we end up with the exact minimal surfaceproblemon the inpainting
domain

Þ
: u ��� � Ò � ã à Õ ò Ì Õ ! �   with Ì Ø½Ì Î along

Â Þ
Ú



� â
Here along the boundary, Ì ÏÏ#Í=Ò is understoodas the tracefrom the interior.
Sincethis Dirichlet problemmight not be solvablefor generalinpaintingdo-
mains

Þ
(see[Giu84] for example),asfar asinpaintingis concerned,we may

formulateaweaker versionevenfor thenoise-freecase:u �Æ� � Ò � ã à Õ ò Ì Õ ! à¿Î� � ÍzÒ Ó Ì é Ì Î Ö ! �+Ï � ï
whereÎ is a largepositive weightand �-Ï � the1-dimensionalHausdorff mea-
sureof

Â Þ
. Thentheexistenceof a minimumcanbeeasilyestablishedbased

on thedirectmethod.
Comparedwith all othervariationalinpaintingschemes,theTV modelhas

thelowestcomplexity andeasiestdigital implementation.It worksremarkably
well for more local inpainting problemssuchas digital zoom-in (Figure 2)
and text removal [CS01a]. But for large-scaleinpainting problems,the TV
inpaintingmodelsuffersfrom its origin in thelengthcurve energy. Onemajor
drawbackis its failureto realizetheConnectivity Principlein visualperception
asdiscussedin [CS01c].

The original image Zoom−out by a subsampling of factor 4

The harmonic zoom−in The TV zoom−in

³tIXT6´_5@/�Ð4·
Digital zoom-inbasedon theTV inpaintingscheme,ascomparedwith thatbased

on the harmonicinpainting scheme,i.e., that basedon the Sobolev imagemodel: Ñ;Ò ¹\ÓÕÔÖT×$Ø Ù ¹ Ø Ú�Û�ÜZÝ NoticethattheTV givesmuchsharperboundaryreconstruction.
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The TV inpainting

The original image Edge tube from Canny’s detector

The initial guess

³*I T6´_5N/�ÞU·
TV inpaintingappliedto theprimal-sketchbasedimagedecoding.²¶�Gú ¸m´ ü ü�� � �!���d� � �\�ß¶ � �\�;�t�\� �

In [CKS01],Chan,Kang,andShenproposedto improve theTV inpainting
modelby usingtheelasticaimagemodel

ëðì Ítî Ø¯� Ð Ó�l à ê � ! Ö��   ï � Ø ò Ù�Ä ò ÍÕ ò Í0ÕÆÅ Ú
Theelasticainpaintingmodelis thusto minimizetheposteriorenergyÁ

e ì Í0Õ Í Î ï Þ î Ø?� Ðáà Ó � Ö��   à ¢ � � Ð*Ñ\Ò ÓÔÍðéáÍ Î Ö ! �   ï (5)

where à Ó�f Ö0Ø l à êRfT! .By Calculusof Variation,it is shown in [CKS01] that thesteepestdescent
equationis givenby Â ÍÂ^Ã Ø ò Ù Çâ à ¢ Ò ÓS  Ö ÓÔÍ Î éáÍ Ö6ï (6)Çâ Ø à Ó � Ö Çß é ÇÃ

Õ ò Í0Õ
Â Ó àMã Ó � Ö Õ ò Í×Õ ÖÂ ÇÃ ï Ú (7)

Here
Çß ï ÇÃ arethenormalandtangentdirections:Çß Ø ò Í

Õ ò Í×Õ ï
ÇÃ Ø ÇßXä ï ÂÂ ÇÃ Ø ÇÃ Ù ò Ú



���
Noticethatthecouplingof

ÇÃ
and
Â � Â ÇÃ in (7) makesit safeto takeany direction

of
Çß ä for

ÇÃ
. Thenaturalboundaryconditionsalong

Â Û
areÂ ÍÂ�ÇÈ Ø g and

Â Ó à ã Ó � Ö Õ ò Í0Õ ÖÂ$ÇÈ Ø g Ú
Thevectorfield

Çâ
is calledtheflux of theelasticaenergy. Its decomposition

in thenaturalorthogonalframe Ó Çß ï ÇÃ Ö in (7) hassignificantmeaningin terms
of micro-inpaintingmechanisms.

(i) The normal flow à Ó�å Ö Çß carriesthe featureof an important inpainting
schemeinventedearlierby ChanandShencalledCDD (curvature driven
diffusion) [CS01c]. CDD wasdiscoveredin looking for micro mecha-
nismsthatcanrealizetheConnectivity Principlein visualperception[CS01c,
Kan79,NMS93].

(ii) Thetangentialcomponentcanbewritten asÇâMæ Ø é ° ã
Õ òùÍ×Õ ! Â Ó à ã Ó � Ö Õ ò Í×Õ ÖÂ ÇÃ ± òwä�Í ï

andits divergenceis

ò Ù Çâ�æ Ø ò ä Í Ù ò ° é ã
Õ ò Í×Õ ! Â Ó à ã Ó � Ö Õ ò Í×Õ ÖÂ ÇÃ ±

since ò ä Í is divergencefree.Definethesmoothnessmeasureçéè Ø é ã
Õ ò Í0Õ ! Â Ó à ã Ó � Ö Õ ò Í0Õ ÖÂ ÇÃ Ú

Then the tangentcomponentis in the form of the transportinpainting
mechanismasoriginally inventedby Bertalmioet al. [BSCB00].

Puretransportcan lead to shocksas in traffic models,while pure curvature
drivendiffusion (CDD) is only motivatedby theConnectivity Principlein vi-
sion researchandlacks theoreticalsupport. The elasticainpaintingPDE (6)
combinestheir strengthandalsooffersa theoreticalframework.

For the numericalrealizationof the model,we mentionthe following as-
pects.More detail canbe found in [CKS01]. Two digital examplesareillus-
tratedin Figure4.

(a) To acceleratetheconvergenceof thesteepestdescentmarching(6) toward
its equilibriumsolution,onecanadopttheMarquina-Oshermethod[MO99]
by addinganon-negative “time correctingfactor” ê ÓÔÍ ï Õ ò Í0Õ Ö :Â ÍÂMÃ Ø ê ÙFë ò Ù Çâ à ¢ Ò ÓS  Ö ÓÔÍ Î éáÍ Ö�ì Ú
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For instance,take ê Ø Õ ò Í0Õ . As shown in [MO99], suchsimpletechnique
cansubstantiallyimprove the numericalmarchingsizeandspeedup the
convergence.

(b) As in theTV inpaintingmodel,for thecomputationof � and
Çâ
,
ã � Õ ò Í0Õ is

alwaysconditionedto
ã � Õ ò Í×Õ É to avoid azerodenominator.

(c) To moreefficiently denoiseandpropagatesharpedges,classicalnumeri-
cal techniquesfrom computationalfluid dynamics(CFD)canbevery use-
ful, includingthoseoriginally designedfor capturingshocks.Techniques
adoptedin [CKS01]aretheupwindschemeandthemin-modscheme[OR90].

Original Image Inpainting Domain

TV Inpainting Curvature Inpainting

Original Image Inpainting Domain

TV Inpainting Curvature Inpainting

³tIXT6´_5@/¶�=·
Two examplesof elasticainpainting,ascomparedwith TV inpainting. In the

caseof largeaspectratios[CS01c],theTV inpaintingmodelfails to complyto theConnectivity
Principle.²¶�=² ���·¶ � �\�;�t�\� � � � � � �Cý � �;�t�Õí-îÕ´ � ´��\ý ��� ü ýþ����ü��

The idea of applying the Mumford-Shahimagemodel to inpainting and
imageinterpolationfirst appearedin Tsai,Yezzi,andWillsky [TAYW01], and
ChanandShen[CS01a],andhasbeenrecentlystudiedagainby Esedogluand
Shen[ES02]basedon the  -convergencetheory.

Themodelis to minimizetheposteriorenergyÁ
msì Í ï %Õ Í Î ï Þ î Øðï� � Ð'Ñ � Õ òùÍ×Õ ! �   à l lengthÓ� Ö à ¢ � � Ð'Ñ\Ò ÓÔÍ0é Í Î Ö ! �   ï (8)

whereï ï l ï and ¢ arepositive weights.Noticethat if
Þ

is empty, i.e. thereis
nospatiallymissingdomain,thenthemodelis exactly theclassicalMumford-
Shahdenoisingandsegmentationmodel[MS89]. Also, noticethatunlike the
previoustwo models,it outputstwo objects:thecompletedandcleanedimageÍ , andits associatededgecollection  .



��n
For agivenedgelayout  , variationof

Á
msì Í×Õ  ï Í'Î ï Þ î givesï ó Í à ¢ Ò ÓS  Ö ÓÔÍ Î éáÍ Ö]Ø g on

ÛÝÜ  ï (9)

with thenaturaladiabaticcondition
Â Í � Â�ÇÈ Ø g alongboth  and

Â Û
.

Denotethe solution to the elliptic equation(9) by Í � . Then the steepest
descentinfinitesimalmoveof  for

Á
msì ;Õ Í � ï Í'Î ï Þ î is givenby�  � Ã Ø ° l � à Ä ï � Õ ò Í � Õ ! à ¢ Ò� ÓÔÍ � é Í Î Ö ! Å � ± Çß Ú (10)

Here  P�� is anedgepixel and
Çß thenormaldirectionat   . Thesymbol ì � î �

denotesthejump of ascalarfield � ÓS  Ö across :
ì � î � ÓS  ÖHØ ñ � uòTó Î�ô Ó � ÓS  à ¬ Çß Ö é � ÓS  é ¬ Çß Ö\Ö Ú

Thesign of thecurvature � andthe directionof thenormal
Çß arecoupledso

that � Çß pointsto curvaturecenterof  at   .
Note that the curve evolution equation(10) is a combinationof the mean

curvature motion[ES91] �   �\� Ã Ø l � Çß
anda field-driven motionspecifiedby thesecondterm. Thefield-driven mo-
tion attractsthecurve towardtheexpectededgeset,while themeancurvature
motionmakessurethatthecurve doesnotdevelopripplesandstayssmooth.

Like theTV inpaintingmodel,inpaintingbasedon theMumford-Shahim-
agemodel is of secondorder. But the extra complexity comesfrom its free
boundarynature. In [CS01a,TAYW01], the level-setmethodof Osherand
Sethian[OS88]is proposed.

In the mostrecentwork by EsedogluandShen[ES02],a simplernumeri-
cal schemeis developedbasedon the  -convergencetheoryof Ambrosioand
Tortorelli [AT90,AT92].

In the  -convergencetheory, the 1-dimensionaledge  is approximately
representedby its associatedsignaturefunctionÌ ¥!Û q ì g ï ã î ï
which is nearly1 almosteverywhereexcepton a narrow (specifiedby a small
parameterõ ) tubular neighborhoodof  , whereit is closeto 0. Theposterior
energy

Á
msì Í ï ;Õ Í�Î ï Þ î is approximatedby:Á-ö ì Í ï�Ì Õ Í Î ï Þ î Ø ã� � Ð ¢ Ò ÓS  Ö ÓÔÍ éáÍ Î Ö ! �   à ï � � Ð Ì ! Õ ò Í0Õ ! �  

à l � Ð ° õ=Õ ò Ì Õ ! à Ó ã é Ì!Ö !� õ ±��   Ú (11)



¿!À_Á\ÂjÀFÃ2ÂjÄFÅ�À_ÆxÇ\È�ÀqÉ�Ê�ÇlÅ_Ë}À_Â:Å!Ã2Â:ÅgÉ � �
Takingvariationon Í and Ì separatelyyieldstheEuler-Lagrangesystem:¢ Ò ÓS  Ö ÓÔÍðé Í Î Ö é ï ò Ù Ó Ì ! ò Í Ö0Ø g (12)

Ó ï Õ ò Í0Õ ! Ö�Ì à l ° éÕ�8õqó Ì à Ì é ã�8õ ± Ø g ï (13)

with thenaturaladiabaticboundaryconditionsalong
Â Û

(dueto theboundary
integralscomingfrom integration-by-parts):Â ÍÂ�ÇÈ Ø g ï Â ÌÂ$ÇÈ Ø g Ú
Definetwo elliptic operatorsactingon Í and Ì separately:ç�÷ Ø éÝò ÙTÌ ! ò à ¢ Ò � ï (14)ømù Ø Ó ã à ��Ó�õ ï � l Ö Õ ò Í0Õ ! Ö é � õ ! ó Ú (15)

ThentheEuler-Lagrangesystem(12)and(13) is simply writtenasç�÷ Í Ø Ó=¢ Ò � ï Ö Í Î and
ømù Ì Ø ã

Ú (16)

Thiscoupledsystemcanbesolvedeasilyby any efficientelliptic solverandan
iterative scheme.Two digital examplesareincludedin Figure5 and6.

Noisy image to be inpainted Inpainting output u Inpainting output z

³tIXT6´_5@/ [6·
Inpainting basedon the � -convergenceapproximation(11) and its associated

elliptic system(16).²¶��ú ���·¶ � �\�;�t�\� � � � � � �Cý � �;�t�Õí-îÕ´ � ´5í\¼ �û�Wü��æ�\ý ��� üýþ����ü��
Like theTV imagemodel,theMumford-Shahimagemodelis insufficient

for large-scaleimageinpaintingproblemsdueto the embeddedlengthcurve
energy. To improve,EsedogluandShen[ES02]recentlyproposedtheinpaint-
ing schemebasedon theMumford-Shah-Eulerimagemodel.



�8�
Image to be inpainted Inpainting domain (or mask) Inpainting output

³*I T6´_5N/�üq·
Text erasingby inpaintingbasedon theMumford-Shahimagemodel.

In thismodel,theposteriorenergy to beminimizedisÁ
mseì Í ï %Õ Í Î ï Þ î Øðï� � Ð*Ñ � Õ òùÍ×Õ ! �   à �+� Ó�l à ê � ! Ö�� f à ¢ � � Ð*Ñ\Ò ÓÔÍ�é Í Î Ö ! �   ï

(17)
wherethelengthenergy in

Á
ms hasbeenupgradedto Euler’s elasticaenergy.

As in the previous inpaintingmodel,for a given edgelayout  , theEuler-
Lagrangeequationfor

Á
mseì Í×Õ  ï Í'Î ï Þ î isï ó Í à ¢ Ò ÓS  Ö ÓÔÍ Î éáÍ Ö0Ø g ï  ý� ÛÝÜ  ï (18)

with theadiabaticconditionalong  and
Â Û

:
Â Í � Â�ÇÈ Ø g .

For thesolution Í � to thisequation,theinfinitesimalsteepestdescentmove
of  is givenby [CKS01,Mum94a,LS84]:�  � Ã Ø l � éáê�Ó�� � ! �� f ! à � > Ö à Ä'ï � Õ ò Í � Õ ! à ¢ Ò� ÓÔÍ � éáÍ Î Ö ! Å � Ú (19)

Themeaningof thesymbolsis thesameasin theprevioussection.
The digital implementationof this 4th ordernonlinearevolutionaryequa-

tion is highly non-trivial. Thechallengelies in finding aneffective numerical
representationof the1-dimensionalobject  , androbust waysto computeits
geometry, i.e., thecurvatureandits differentials.

In Esedogluand Shen[ES02], the equationis numerically implemented
basedon the  -convergencetheoryof De Giorgi [Gio61]. As for theprevious
Mumford-Shahimagemodel,  -convergenceapproximationleadsto simple
elliptic systemsthatcanbesolvedefficiently in computation.

DeGiorgi [Gio61] proposedto approximateEuler’s elasticacurve modelþ Ó� Ö]Ø?� � Ó�l à ê � ! Ö�� f ï
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by anelliptic integral of thesignatureÌ (thetwo constantsl and ê mayvary):

ë ö ì Ì î Ø l � Ð ° õ�Õ ò Ì Õ ! à�ÿ Ó Ì!Ö� õ ± �   à ê õ � Ð ° �8õqó Ì é ÿ ã Ó Ì�Ö� õ ± ! �   ï (20)

where ÿ Ó Ì�Ö canbethesymmetricdouble-wellfunction

ÿ Ó Ì!Ö0Ø Ó ã é Ì ! Ö ! Ø Ó Ì à ã Ö ! Ó Ì é ã Ö ! Ú (21)

Unlike thechoiceof ÿ Ó Ì�Ö�Ø Ó ã é Ì!Ö ! for theMumford-Shahimagemodel,
heretheedgelayout  is embeddedasthezerolevel-setof Ì . Asymptotically,
as õ$q g�¾ , a boundarylayergrows to realizethesharptransitionbetweenthe
two well statesÌ Ø ã

and Ì Ø é ã .
Thentheoriginal posteriorenergy

Á
mseon Í and  canbereplacedby an

elliptic energy on Í and Ì :Á-ö ì Í ï�Ì Õ Í Î ï Þ î Ø ï � � Ð Ì ! Õ ò Í0Õ ! �   à ë ö ì Ì î à ã� � Ð ¢ Ò ÓÔÍ éáÍ Î Ö ! �   Ú (22)

For agivenedgesignatureÌ , variationon Í in
Á-ö ì Í×Õ Ìtï Í Î+ï Þ î gives¢ Ò ÓÔÍíéáÍ Î Ö é ï ò Ù Ó Ì ! ò Í Ö0Ø g ï (23)

with theadiabaticboundarycondition
Â Í � Â$ÇÈ Ø g along

Â Û
. For thesolutionÍ , thesteepestdecentmarchingof Ì for

Á-ö ì Ì Õ Í ï Í'Î ï Þ î is givenbyÂ ÌÂ^Ã Ø é ï Õ ò Í×Õ ! Ì à l � à ê ÿ ã ã Ó Ì!Ö�8õ ! � é � ê�ó �*ï (24)�wØ �8õqó Ì é ÿ ã Ó Ì�Ö� õ ï (25)

againwith theNeumannadiabaticconditionsalongtheboundary
Â Û

:Â ÌÂ$ÇÈ Ø g ï and
Â �Â$ÇÈ Ø g Ú

Eq. (24) is of fourth-orderfor Ì , with theleadinghead é � õlê�ó ! Ì . Thus,to
ensurestability, anexplicit marchingschemewouldrequireó Ã Ø �õÓ\ÓNó   Ö��T� õlê Ö ÚTherearea coupleof waysto stablyincreasethemarchingsize. First, asin-
spiredby MarquinaandOsher[MO99], onecanadda time correctingfactor
(asin Section3.2):Â ÌÂMÃ Ø ê ÓNò Ì�ï	� Õ Í Ö ° é ï Õ ò Í0Õ ! Ì à l � à ê ÿ ã ã Ó Ì!Ö�8õ ! � é � ê�ó � ± ï
whereê ÓNò Ì�ï	�*ï Õ Í Ö isasuitablepositivescalar, for example,ê Ø Õ ò Ì Õ [MO99].
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Thesecondalternativeis to turnto implicit or semi-implicitschemes.Eq.(24)

canberearrangedtoÂ ÌÂ^Ã à ï Õ òùÍ×Õ ! Ì é��8lRõ6ó Ì à � êRõqó ! Ì Ø é l� õ ÿ ã Ó Ì!Ö à ê ÿ ã ã Ó Ì!Ö�8õ ! � à ê õ ó ÿ ã Ó Ì!Ö6ï(26)
Or simply Â ÌÂMÃ à ç ù Ì Ø e Ó Ì�Ö6ï
where

ç�ù
denotesthepositive definiteelliptic operator( Í -dependent)ç�ù Ø ï Õ ò Í0Õ ! ém�8lRõ6ó à

� êRõ6ó ! ï
and
e Ó Ì!Ö theentireright handsideof (26). Thena semi-implicit schemecan

bedesignedas:ateachdiscretetimestepß ,

Ó ã à ó
Ã ç�ù Ö�Ì � ( ¾ ��� ØpÌ � (�� à ó Ã e Ó Ì � (�� Ö6ï

wherethepositivedefiniteoperator
ã
à ó
Ã ç�ù

is numericallyinvertedbasedon
many fastsolvers[GO92,Str93].A digital exampleis givenin Figure7.

A noisy image to be inpainted. Inpainting via Mumford−Shah−Euler image model

³tIXT6´_5@/	�l·
Inpainting basedon the Mumford-Shah-Eulerimagemodel can satisfactorily

restorea smoothedgeasexpected.úÝ� 
 �;��� �\�·�x�W�%� � � � ��¶ ü×� ¶C���éµ"�Wü�ý �
In thispaper, wehavesurveyedall therecentinpaintingmodelsbasedonthe

combinationof theBayesianprincipleandgeometricimagemodels.As for the
classicaldenoising,deblurring,andsegmentationapplications,the Bayesian
framework hasprovento beveryeffective in designingandimproving general
inpaintingmodels.
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We have explainedthat the fundamentalingredientfor a geometricimage

model is the associatedor embeddedcurve model. Basedon somenatural
axiomssuchastheEuclideaninvarianceandreversalinvariance,wehavebeen
able to understandthe generalstructureof geometriccurve modelon the 2-
dimensionalimagedomain.We have describedtwo generalwaysfor “lifting”
acurve modelto ageometricimagemodel.

We have observed that conventional first-ordergeometricimagemodels,
suchastheTV modelandMumford-Shahmodel,functionverywell for classi-
caldenoising,deblurring,andsegmentationproblems,aswell asfor inpainting
problemswith a morelocal nature(suchaszoom-inandtext erasing).But for
large-scaleinpainting problems,they are insufficient for reconstructingper-
ceptuallymeaningfuloutputs.Therefore,high ordergeometricimagemodels,
suchastheelasticamodelandtheMumford-Shah-Eulermodel,becomenec-
essaryfor moregeneralinpaintingapplications.Thetradeoff is thathighorder
inpaintingmodelsarecomputationallymuchmorechallenging.

Wehavedescribedall theEuler-LagrangePDE’sassociatedto thesemodels,
theirgeometricmeaning,andtheirdigital realizationbasedontechniquesfrom
numericalPDE’sandthe  -convergencetheory.

Finally wepostthreeinterestingopenproblems.

(i) Videoinpainting. Videoinpaintinghasprofoundapplicationin themovie
industry, surveillanceanalysis,and dynamicvision analysis. The first
openproblemis: how to integratetheextra dimensionof “time” into the
spatialinpaintingtechniques?And how to definegeometricprior models
for spatial-temporalimages?

(ii) Texture inpainting. Texturesby definitionareimagepatternswith rich
statisticalfeatures.Geometricimagemodelscanwell describethebound-
ariesof different texture patches,but areapparentlyinsufficient for in-
painting the texturesthemselves. Therefore,the secondopenproblem
is: how to integrategeometricimagemodelsandstatisticaltexturemod-
els?And how to grow texturesthroughtexturesynthesiswithoutcreating
artificial boundaries?

(iii) Fastand efficient digital realization. Throughoutthissurvey, numerical
PDEhasbeena corecomputationaltool for all thegeometricinpainting
models. The third openproblemconcernsfastandefficient digital im-
plementationof theassociatedPDE’s,especiallyfor thehighorderones.
Thereare a numberof non-trivial questionsthat wait to be answered:
How to developdiscretizationschemesthatrespectgeometry, thecurva-
ture and its differentials,for examples?How to speedup convergence
basedon variousnumericaltechniquessuchasthemultigrid methodand
the multiresolutiondecomposition?sincespeedis always highly con-
cernedin applications. Finally, the energies of high order inpainting
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models,suchas the elasticaand the Mumford-Shah-Eulermodels,of-
ten have many local energy wells. It is thusanotherimportantissueto
develop numericalschemesthat can efficiently avoid being trappedin
localenergy wells,asin MolecularDynamics[MW97].
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